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FAITHFUL IRREDUCIBLE REPRESENTATIONS OF MODULAR
LIE ALGEBRAS
DONALD W. BARNES
Abstract. Let L be a finite-dimensional Lie algebra over a field of charac-
teristic p 6= 0. By a theorem of Jacobson, L has a finite-dimensional faithful
completely reducible module. We show that if F is not algebraically closed,
then L has an irreducible such module. We also give a necessary and sufficient
condition for a finite-dimensional Lie algebra over an algebraically closed field
of non-zero characteristic to have a faithful irreducible module.
1. Introduction
Let L be a finite-dimensional Lie algebra over the field F of characteristic p > 0.
By Jacobson’s Theorem, [6, Theorem VI.2], [8, Theorem 5.5.2], L has a finite-
dimensional faithful completely reducible module. We adapt Jacobson’s proof to
show that if F is not algebraically closed, then L has an irreducible such module.
We may replace L with a minimal p-envelope. Thus without loss of generality, we
may assume that L is restricted. Further, by [3, Corollary 2.3], we may assume
that the p-operation [p] vanishes on Asoc(L), the abelian socle of L. We note that,
by the Artin-Schreier Theorem1, (see [7, Theorem 11.14] or [4, Theorem 3.1],) our
assumption that F is not algebraically closed implies that the algebraic closure F¯
has infinite dimension over F .
Jacobson takes an appropriately selected character c and uses the c-reduced
enveloping algebra u(L, c) to obtain for a given element x ∈ L, an irreducible
module on which x acts non-trivially. If x is in some minimal ideal K of L, then K
is not in the kernel of the representation. For each minimal ideal K, we can clearly
construct an irreducible module VK on which K acts non-trivially. We shall choose
modules VK such that their tensor product has a composition factor on which all
minimal ideals act non-trivially. It is in the making of this choice for the abelian
minimal ideals that we use that the dimension of F¯ over F is infinite.
2. diagonals
Let A1, . . . , Ar be abelian minimal ideals of L which, as L-modules, are isomor-
phic with isomorphisms φi : A1 → Ai, φ1 = id. For a given A1, we choose the
Ai with r as large as possible subject to their sum being direct. With the Ai so
chosen, we say that A1 has multiplicity r in Asoc(L). For any λ1, . . . , λr, not all
zero, the set {
∑r
i=1 λiφi(a) | a ∈ A1} is also a minimal ideal and every minimal
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ideal isomorphic to A1 has this form. Those with more that one of the λi non-zero
are called diagonals. We shall denote the ideal given by λ = (λ1, . . . , λr) by Aλ.
Under our assumptions, an abelian minimal ideal A acts non-trivially on an
irreducible module V with character c if and only if c(A) 6= 0. If for the above Ai,
we put ci = c|Ai, then for aλ =
∑
λiφi(a) ∈ Aλ, we have c(aλ) =
∑
λici(φi(a)).
Thus c vanishes on some Aλ if and only if the ciφi are linearly dependent.
We shall use generalised characters, linear maps c : L→ F¯ , where F¯ denotes the
algebraic closure of F . If c is a character of a module V then every conjugate of c
is also a character. The set of all characters of composition factors of V¯ = F¯ ⊗V is
called the character cluster Cl(V ). (See [1].) If the restriction Cl(V )|A of Cl(V ) to
the abelian minimal ideal A does not contain 0, then A acts non-trivially on every
composition factor of V . By [1, Theorem 3.4], if V is irreducible, then Cl(V ) is
simple, that is, the characters in Cl(V ) are all conjugate. Thus if c is a generalised
character of the irreducible module V and c(A) 6= 0, then A acts non-trivially on
V .
If C is a simple cluster, then we can form the C-reduced enveloping algebra
u(L,C). For any x ∈ L, the element xp−x[p] of the universal enveloping algebra is
central and on an F¯ ⊗ L-module with character c, acts as multiplication by c(x)p.
Let mx(t) ∈ F [t] be the minimal polynomial of c(x)
p. The C-reduced enveloping
algebra u(L,C) is the quotient of U(L) by the ideal generated by {mx(x
p − x[p]) |
x ∈ L} for some c ∈ C. (Since all c ∈ C are conjugate, they all give the same
polynomial mx(t).) The C-reduced enveloping algebra is finite-dimensional. Any
u(L,C)-module is an L-module with cluster C. This construction may be found in
Farnsteiner [5] or in Barnes [2].
Lemma 2.1. For any simple cluster C, there exists a finite-dimensional irreducible
L-module with cluster C.
Proof. As u(L,C) is a u(L,C)-module, any L-module composition factor of u(L,C)
is an irreducible module with cluster C. 
Lemma 2.2. There exists an irreducible L-module V0 on which every abelian min-
imal ideal acts non-trivially.
Proof. Let A1, . . . , Ar be abelian minimal ideals of L which are isomorphic with
isomorphisms φi : A1 → Ai, φ1 = id, chosen as above. As dim(F¯ /F ) is infinite,
we can take r linearly independent linear maps fi : A1 → F¯ and by setting gi =
fi ◦ φ
−1
i : Ai → F¯ , construct a map g :
∑
iAi → F¯ which is non-zero on every
minimal ideal isomorphic to A1. Doing this for each isomorphism type of abelian
minimal ideal, we obtain c : Asoc(L) → F¯ which is nonzero on every abelian
minimal ideal. This map can be extended to a generalised character and so we
obtain an irreducible module V0 on which every abelian minimal ideal acts non-
trivially. 
3. The main result
Lemma 3.1. Let K be an ideal of L and let V,W be irreducible L-modules. Suppose
that K acts non-trivially on V and trivially on W . Then K acts non-trivially on
every composition factor of V ⊗W .
Proof. Regarded as K-module, V ⊗W is a direct sum of copies of V . Thus any
composition factor of V ⊗W is as K-module, a direct sum of copies of V . 
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Theorem 3.2. Let L be a finite-dimensional Lie algebra over a field F of char-
acteristic p 6= 0. Suppose that F is not algebraically closed. Then there exists a
finite-dimensional faithful irreducible L-module.
Proof. Let K1, . . . ,Ks be the non-abelian minimal ideals of L. Then Ki is an irre-
ducible L-module on which Ki acts non-trivially and on which every other minimal
ideal acts trivially. We start with V0 given by Lemma 2.2 and construct inductively
irreducible modules Vi on which the abelian minimal ideals and the Kj for j ≤ i
all act non-trivially.
We suppose that we have constructed Vi−1. If Ki acts non-trivially on Vi−1, we
set Vi = Vi−1. If not, then we take for Vi any composition factor of Vi−1 ⊗Ki. By
Lemma 3.1, this satisfies the requirements.
Put V = Vs. Then V is a finite-dimensional irreducible L-module on which every
minimal ideal of L acts non-trivially. Since the kernel of the representation cannot
contain any minimal ideal, the representation is faithful. 
When the field F is algebraically closed field, the above argument leads to a
necessary and sufficient condition for the existence of a faithful irreducible module.
Theorem 3.3. Let L be a finite-dimensional Lie algebra over the algebraically
closed field F of characteristic p 6= 0. Then L has a faithful irreducible module if
and only if, for each abelian minimal ideal A of L, the L-module isomorphism type
of A has multiplicity r ≤ dim(A).
Proof. We show first that if L satisfies the condition, then so does a minimal p-
envelope (Le, [p]) of L. We may suppose that [p] vanishes on Asoc(L). Suppose
that A is an abelian minimal ideal of Le. Then A is a [p]-ideal and Le/A is again
a restricted Lie algebra. If A 6⊆ L, then Le/A is a p-envelope of L of smaller
dimension. Thus every minimal ideal of Le is contained in L and again, without
loss of generality, we may suppose that L is restricted with [p] vanishing on Asoc(L).
We have already shown that the condition is sufficient for the existence of a
faithful irreducible L-module. So suppose that V is a faithful irreducible L-module.
By [8, Theorem 5.2.5], V has a character c. Let A1, . . . , Ar be abelian minimal ideals
chosen as above, with L-module isomorphisms φi : A1 → Ai. We have the linear
maps ci = c ◦ φi : A1 → F . For the diagonal Aλ, c|Aλ =
∑
λici ◦ φ
−1. As V is
faithful, c is non-zero on every Aλ, so the ci are linearly independent. Therefore
r ≤ dim(A1). 
Examples of algebras not satisfying the condition are easily found. The 2-
dimensional abelian algebra is one such.
Corollary 3.4. Let L be a finite-dimensional Lie algebra over an algebraically
closed field of characteristic p 6= 0. Then L is a quotient of an algebra which has a
faithful irreducible module.
Proof. L has a faithful completely reducible module V . We may suppose that V
has no redundant summands. The split extension of V by L satisfies the condition
for the existence of a faithful irreducible module. 
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